In this paper, we establish some sufficient conditions for (2, 2)-disconjugacy and study the distribution of zeros of nontrivial solutions of fourth-order differential equations. The results are extended to cover some boundary value problems in bending of beams. The main results are proved by making use of a generalization of Hardy's inequality and some Opial-type inequalities. Some examples are considered to illustrate the main results. MSC: 34K11; 34C10
Introduction
Linear differential equations subject to some boundary conditions arise in the mathematical description of some physical systems. For example, mathematical models of deflection of beams. These beams, which appear in many structures, deflect under their own weight or under the influence of some external forces. For example, if a load is applied to the beam in a vertical plane containing the axis of symmetry, the beam undergoes a distortion, and the curve connecting the centroids of all cross sections is called the deflection curve or elastic curve. In elasticity it is shown that the deflection of the curve, say y(x) measured from the x-axis, approximates the shape of the beam and satisfies the linear fourth-order differential equation
on an interval, say [α, β] , with some boundary conditions. Boundary conditions associated with these types of differential equations depend on how the ends of the beams are supported (see [, ] ). For example, the boundary conditions y(α) = y (α) = y(β) = y (β) =  correspond to a beam clamped at each end, the boundary conditions y(α) = y (α) = y (β) = y (β) =  correspond to a beam clamped at t = α and free at t = β, the boundary conditions y(β) = y (β) = y (α) = y (α) =  correspond to a beam clamped at t = β and free at t = α, and the boundary conditions y(α) = y (α) = y(β) = y (β) =  correspond to a beam hinged or supported at both ends. In this paper, we consider the fourth-order differential http://www.journalofinequalitiesandapplications.com/content/2013/1/278 equation
r(t)y (t) -p(t)y (t) + q(t)y(t) = , t ∈ I, (  .  )
where r, p, q : I → R are continuous measurable functions such that r(t) > , and I is a nontrivial interval of reals. By a solution of (.) on the interval J ⊆ I, we mean a nontrivial real-valued function y ∈ C  (J), which has the property that r(t)y (t) ∈ C  (J) and satisfies equation (.) on J. We assume that (.) possesses such a nontrivial solution on I. Equation (.) is said to be (i, j)-disconjugate if i and j are positive integers such that i + j = , and no solution of (.) has an (i, j)-distribution of zeros, i.e., no nontrivial solution has a pair of zeros of multiplicities i and j respectively. If no nontrivial solution of (.) has more than three zeros, the equation is termed disconjugate. Equation (.) and its generalization were studied in [-]. Most of the results in these papers dealt with obtaining sufficient conditions for oscillation, nonoscillation and the types of zeros of solutions, i.e., the solutions that have at least four zeros, two or more of which are distinct zeros and one can determine the disconjugacy type of the equations. To the best of the authors knowledge, there are a few papers [-] which studied the distributions (gaps between zeros) of zeros of a special case of (.), when r(t) = . Our paper is a continuation of these papers.
In particular, we establish some sufficient conditions for (, )-disconjugacy and establish lower bounds on the distance between zeros of nontrivial solutions and also lower bounds on the distance between zeros of a solution and/or its derivatives. The results in [, ] extended a result in the literature for disconjugacy of differential equations due to de la Vallée Poussin [] . This result was established for the linear nth-order differential equation 
holds, then (.) is disconjugate. In [] the authors studied a special case of (.) and considered the equation
and proved that if y(t) is a nontrivial solution of (.) which satisfies 
Our aim in this paper is to employ some new inequalities of Hardy's type and some Opialtype inequalities with weighted functions to establish some new results for the general equation (.).
In particular, in this paper, we are concerned with the following problems for the general equation (.):
(i) obtain lower bounds for the spacing β -α, where y is a solution of (.) satisfying
(ii) obtain lower bounds for the spacing β -α, where y is a solution of (.) satisfying y (i) (β) =  for i = , ,  and y (α) = , (iii) obtain lower bounds for the spacing β -α, where y is a solution of (.) satisfying
We also establish some new results related to some boundary value problems in bending of beams. In particular, we consider the boundary conditions (.) which correspond to a beam clamped at each end. The case of the boundary conditions
which correspond to a beam clamped at t = α and free at t = β and the boundary conditions y(β) = y (β) = y (α) = r(α)y (α) -p(α)y (α) =  which correspond to a beam clamped at t = β and free at t = α, and the boundary conditions y(α) = y (α) = y(β) = y (β) =  which correspond to a beam hinged or supported at both ends will be left to the interested reader. The rest of the paper is divided into two sections. In Section , we prove several results related to the problems (i)-(iii) and also prove some results related to the boundary value problems of the bending of beams with the boundary conditions (.) and (.). In Section , we give some illustrative examples. The results in this paper yield sufficient conditions for disconjugacy.
Main results
In this section, we prove the main results by using some generalizations of Hardy's inequality and Opial's inequality. 
where
given by
From Theorem ., we note that if y (i) (α) = y (i) (β) = , then we have an inequality of the
where in this case K(α, β) is determined from the equation
In the following, we present a Hardy-type inequality [, ] that will be used to prove some new results related to the boundary value problems of the bending of beams. If y is absolutely continuous on (a, b) with y(a) =  or y(b) = , then the following inequality holds:
where q, r the weighted functions are measurable positive functions in the interval (a, b) and m, n are real parameters satisfying  < n ≤ ∞ and  ≤ m ≤ ∞. The constant C satisfies
An inequality of type (.) also holds when y(a) = y(b) = . In this case, we see that
For simplicity, we let
Now, we are ready to state and prove the main results. For simplicity, we introduce the following notations: Proof We prove (.). Multiplying (.) by y (t) and integrating by parts yield
This with y (α) = y (β) =  and Q(t) = β t q(s) ds yields
Integrating by parts the term β α (p(t)y (t)) y (t) dt, we see that
Using the assumption y (α) = y (β) = , we have
Integrating by parts the term
Q(t)y(t)y (t) dt.
Using the assumption y (β) = y (α) = , we obtain 
Substituting (.) and (.) into (.) yields
β α r(t) y (t)  dt ≤ β α p(t) y (t) y (t) dt + β α Q(t) y (t) y (t) dt + β α Q(t) y(t) y (t) dt + β α r (t) y (t) y (t) dt. (.)
Applying the inequality (.) on the integral β α |Q(t)||y(t)||y (t)| dt, with φ(t) = |Q(t)|, ϑ(t) = r(t), m

Q(t) y (t) y (t) dt,
with φ(t) = Q(t), ϑ(t) = r(t), k = , n = , l = m =  and μ = , we see that
where  (Q, r) is defined as in (.). Applying the inequality (.) on the integral
Applying the inequality (.) on the integral
where  (p, r) is defined as in (.). Applying the inequality (.) again on the integral
with φ(t) = p (t), ϑ(t) = r(t), k = , n = , l = m =  and μ = , we see that
where  (r, r ) is defined as in (.). Substituting (.), (.), (.) and (.) into (.) and canceling the term
which is the desired inequality (.). The proof of (.) is similar to the proof of (.) by using integration by parts, K  (α, β) is replaced by K  (α, β) and  (Q, r), http://www.journalofinequalitiesandapplications.com/content/2013/1/278
Theorem . [] Let c(t), r(t) be non-negative measurable functions on (α, β) and 
is absolutely continuous on (α, β), then (.) holds with C α is replaced by C β where
ds.
Now we apply the inequality (.). Suppose that the solution y(t) of (.) satisfies y (α) = y (α) = . Applying the inequality (.) with c(t) = Q(t), k =  and n =  on the term
If instead y (β) = y (β) = , then (.) holds where C  is replaced by
Using C  and C *  instead of  (Q, r) and  (Q, r) in the proof of Theorem ., we obtain the following result.
Theorem . Suppose that y is a nontrivial solution of (.). If y
(i) (α) =  for i = , ,  and
where Q(t) = 
If the function r(t) is non-increasing on
Substituting these last two inequalities into Theorem ., we have the following result.
Theorem . Assume that r(t) is a non-increasing function. If y is a nontrivial solution of (.) which satisfies y
If instead y (i) (β) =  for i = , ,  and y (α) = , then
In the following, we apply an inequality due to Boyd 
and
Note that an inequality of type (. 
and is the gamma function. To apply (.) on the term
we first apply the Schwarz inequality
Now, we apply the inequality (.) on the integral
where we assumed that r(t) is a non-increasing function. Substituting (.) into (.), we have
Applying the inequality (.) on the integral
This implies that
where Q(t) = β t q(s) ds. If we replace y (α) =  by y (β) = , then (.) becomes
where Q(t) = t α q(s) ds. Using the inequalities (.) and (.) and proceeding as in the proof of Theorem ., we obtain the following result.
Theorem . Assume that r(t) is a non-increasing function. If y is a nontrivial solution of (.) such that y
(i) (α) =  for i = , ,  and y (β) = , then
. We note also that the inequalities in Theorem . hold for any antiderivative Q. Note 
Q(t)y(t)y (t) dt.
Using the assumption y(α) = y(β) = , we see that 
Q(t) y(t) y (t) dt,
